arXiv:1508.01548v2 [math.LO] 23 Mar 2016 


Hydra games for cji 

Toshiyasu Arai 

Graduate School of Science, Chiba University 
1-33, Yayoi-cho, Inage-ku, Chiba, 263-8522, JAPAN 
tosarai@faculty.chiba-u.jp 


Abstract 

In this paper we introduce a hydra game. Each hydra will eventually 
die out, but the fact is not provable in KPcj -I- (Ili-Collection) with the 
assumption that ‘there exists an uncountable regular ordinal’. 


1 Introduction 

W. Buchholz [5 introduced hydra games for IDn (n < w). The termination of 
hydra games is independent from IDn since the number of moves in the games 
dominates every provably recursive function in the theories. 

In this paper let us modify the hydra game of Buchholz. Our modification is 
not elegant, but easy to extend to set theories. Each hydra will eventually die 
out, but the fact is not provable in Ti := KPw -\- {V = L) (Ili-Collection) + 
(wi), where (wi) denotes an axiom stating that ‘there exists an uncountable 
regular ordinal’. As contrasted with the proofs in m, the unprovability result 
follows from the fact that over Ti, the termination of hydra games yields the 
consistency of Ti. The ‘consistency proof’ here is similar to one in |2]. Namely 
each (contradicting) proof figure is regraded as a hydra in such a way that the 
response of hydras to Hercules’ chop corresponds to a rewriting step on proof 
figures. 

Let us mention the contents of the paper. In sections [H [31 and SI let us 
recall Ei-Skolem hulls, a paraphrase of the regularity of ordinals, and ordinals 
for regular ordinals. All of these come from [J]. In section |5l the sets of hydras 
a and their responses a[z] to Hercules’ chop are introduced. From these a hydra 
game is defined, and the main theorem 15.91 is stated. In section |6l permissible 
ordinal assignments (hydras) o(r) to sequents T occurring in proofs are defined, 
and each proof is shown to have a permissible ordinal assignment. Finally 
we define a rewriting step V ^ V on (finite) proofs for which there exists a 
permissible ordinal assignment o' such that o'{V') = {o{V))\n] for each ordinal 
assignment o for V in section 0 and a proof of Theorem 15.91 is concluded. 
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2 Ei-Skolem hulls 

Everything in this section is reproduced from [4] . Let po denote the least ordinal 
above wi such that Lp^ |= (Ili-Collection). 

Definition 2.1 1. cf{K) := min{a < k : there is a cofinal map f : a ^ k}. 

2. For X C Lpg, Hull(X) denotes the set [Y^i-Skolem hull of X in Lp^) 
defined as follows. <l denotes a Ai-well ordering of the constructible 
universe L. Let {(pi : i G w} denote an enumeration of Ei-formulas in the 
language {g}. Each is of the form ipi = 3y9i{x,y,u) {9 G Ag) with fixed 
variables x,y,u. Set for 6 G A 

{i, b) ~ the <l -least c G Lp^ such that Lp^ ^ 9i{{c)o, (c)i; &) 

Hull(A) = rng{h^^) = {h^^{i, b) G Lp^ : i G u},b £ X} 

Then Lp^ \= 3x3y 9i{x,y;b) ^ h^^{i,b) I k3y9i{h^^{i,b),y-b). 

3. The Mostowski collapsing function 

Fx : Hull(A) o 

for an ordinal 7 < po such that Fx t E = id \ Y for any transitive 
Y C Hull(A). 

Let us denote, though po ^ dom{F) = Hull(A) 

Fx{po) ■■= 7 - 

Proposition 2.2 Let Lpg |= KPw -I- Ei-Collection. Then for k < po, {{x,y) : 
X < nhy = min{p < k : Hull(x U {k}) fl k C y}} is a Bool(Y,i{Lp^))-predicate 

on K, and hence a set in Lp^ if k < po and Lp^ |= Ei-Separation. 

Proposition 2.3 Assume that X is a set in Lp^. Then and are par¬ 
tial Ai{Lpg)-maps such that the domain of is a Yi(Lpg)-subset of to x X. 
Therefore its range Hull(A) is a T,i{Lpg)-subset of Lp^. 

Theorem 2.4 Let po be an ordinal such that Lpg \= KPo; -p Ili-Collection, and 
u! < a < K < Po with a a multiplicative principal number and k a limit ordinal. 
Then the following conditions are mutually equivalent: 

1. Lp„ 1 = “k C 

2. Lpo 1= a < cfin). 

3. There exists an ordinal x such that a < x < k, Hull(a; U {«}) n k C a: and 
Fxu{k}{po) ^ 

4- For the Mostowski collapse F^^J^|^y(y), there exists an ordinal x such that 
a < X = F^oi{K}{.F) < Ei,u{^}(po) < K, and for any Yi-formula p and any 
a G Lx, Lp^ 1= (p[K,a] iF,u{.}(po) h T[x,a] holds. 
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3 Theories equivalent to Ti 

Referring Theorem 12.41 we introduce a theory T(uji) equivalent to Ti. 

Definition 3.1 T{uji) denotes the set theory defined as follows. 

1. Its language is {S,P,Ppp, wi} for a binary predicate P, a unary predicate 
Ppg and an individual constant wi. 

2. Its axioms are obtained from those of KPw + (Ili-Collection) in the ex¬ 
panded languag43, the axiom of constructibility V = L together with the 
axiom schema saying that wi is an uncountable regular ordinal, cf. m 
and o, and if P{x,y) then a; is a critical point of the Ei-elementary 
embedding from Ly = Hull(a; U {wi}) to the universe Lpg, cf. ([T]), and if 
Ppoix) then a; is a critical point of the Ei-elementary embedding from 
Lx = Hull(a;) to the universe cf. ([3]): for a formula ip and an ordinal 
a, p°‘ denotes the result of restricting every unbounded quantifier 3z,Vz 
in 1/3 to 3z S La,yz € La- 


(a) X G Ord is a Ag-formula saying that ‘a; is an ordinal’. 

(w < wi G Ord), {P{x,y) —>■ {x,y} C Ord A x < y < wi) and 
lPpg{x) X € Ord). 


(b) 


P{x,y) ^ a e Lx ^ p[uJi,a] ^ py[x,a] (1) 


for any Ei-formula p in the language {g}. 


(c) 


a G Ord fl wi —>■ 3a;, y G Ord D wi [a < a; A P{x, y)] 


(d) 




for any Ei-formula p in the language {g}. 


(e) 


a G Ord -A 3x £ Ord[a < x A Ppo (^)] 


( 2 ) 

(3) 

(4) 


Remark. Though the axioms ([3]) and (|4]) for the Hi-definable predicate Ppo{x) 
are derivable from Hi-Collection, the primitive predicate symbol Pp„ (x) is useful 
for our prof-theoretic study, cf. Case 1 in subsection 17.31 


Lemma 3.2 T{uji) is a conservative extension of the set theory Ti. 

^ This means that the predicates P-, PpQ do not occur in Ao-formulas for Ao-Separation 
and Ill-formulas for Hi-Collection. 
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Proof. First consider the axioms of Ti in T{uji). The axiom (wi) is codified as 
(wi) 3 k € Ord[ui < K = c/(k)] 

which follows from © in T(wi). Hence Ti is contained in T{uJi). 

Next we show that T(uji) is interpretable in Ti. Let k be an ordinal in the 
axiom (wi). Interpret the predicate P{x,y) -H- {{x,y} C Ord) A (Hull(a:U {k}) n 
K C x) A {y = sup{F 3 ;u{K}(a) : a G Hull(a:: U {k})}). We see from Theorem 12.41 
that the interpreted © and (HI) are provable in Ti. 

It remains to show the interpreted ([3]) and ((4]) in Ti. It suffices to show that 
given an ordinal a, there exists an ordinal x > a such that Hull(x) fl Ord C x. 

First we show that for any a there exists a (3 such that Hull(a) fl Ord C /3. 
By ProDOsition l2.3l let be the Ai-surjection from the Ei-subset dom{h^^) of 
w X a to Hull(a), which is a Ei-class. From Ei-Separation we see that dom{h^^) 
is a set. Hence by Ei-Collection, Hull(a) = rng{h^ ) is a set. Therefore the 
ordinal sup(Hull(a) H Ord) exists in the universe. 

As in ProDOsition l2.2l we see that X = {(a, fd) : /3 = min{/3 G Ord : Hull(a)n 
Ord C /3}} is a set in Lp^ as follows. Let be the Hi-predicate ip{(3) :<t4- 
Vy G Ord[j G Hull(a) —>■ 7 G /3]. Then /3 = min{/3 : Hull(a) fl Ord C /3} iff 
(fiifd) A V 7 < / 3 -i(^( 7 ), which is Bool{T,i{Lpg)) by Ho-Collection. Hence AT is a 
set in Lpg. 

Define recursively ordinals {xn}n as follows, xq = a + 1, and Xn+i is 
defined to be the least ordinal Xn+i such that Hull(a::n) H Ord C Xn+i, i.e., 
(xn,Xn+i) G X. We see inductively that such an ordinal exists. Moreover 
n I—>■ is a Ai-map. Then x = sup„ < po is a desired one. □ 

Next let us interpret the set theory T{u)i) in a theory of ordinals as 

in [3]. The base language is Cq = {<, 0,+, Ax.w'^}. Each of functions 1, -jmax 
and the Godel pairing function j is Ag-definable in Cq, cf. Appendix B of [3]. For 
each bounded formula A{X,a,b) in the base language Cq, introduce a binary 
predicate symbol with its defining axiom be R-^ := R-^{a, b) o a, b) 

where c G :<t4> 3d < a(c G Rf )- Ci denotes the resulting language with 
these predicates R-^. Each epsilon number a is identified with the £ 1 -structure 
(a; <, 0 , -b, Ax.w®, R-^). 

KPcu + (F = L) is interpretable in a theory T 2 with the axiom for n 2 - 
reflection, cf. Appendix A of [3]. Eor n 2 -formula A in the language £ 1 , 

A(t) —>• 3y[t <y A A^^^t)] 

is an instance of n 2 -reflection, which follows from {V = L) and Ao-Collection. 

The language of the theory is defined to be £2 = £1 U {wi, P, Ppa}. 

The axiom © is translated to 

P(x,y) ^ a < x ^ ip[u}i,a] ^ {p^[x,a] (5) 

for El-formulas p in £ 1 . The axiom ([3]) becomes 

a < —>• 3x, y < wi [a < a: A P(a:, y)] ( 6 ) 
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The axiom ([3]) turns to 


Ppo (x) ^ a < X ^ (fi[a] ^ [a] (7) 

The axiom (|3]) is formulated in 

3x[a < X A Ppo{x)] ( 8 ) 

Finally consider Ili-Collection. For a Ao-formula 9{u,v,w) in the language 
{g}, let r(a;, u, v) = [u, n G L^A'^w G LxO{u, v, ui)]. Then we see Vw 9{u, v, w) O 
3a: G PpgT{x,u,v) from {V = L), dS]) and (|4]). Hence Hi-Collection 

Vu G a3v\/w 9 3c[a G c A Vm G a3z; G c\/w 9] (c is transitive) 

follows from 

Vu G aA{u) -A 3c[a G cA Vw G a A^‘^\u)] 

where A{u) = (3a: G Ppg3v t{x,u,v)) for A^^\u) = (3a: G Ppg fl c3v G cr). The 
latter is translated in the language £2 to 

Vu < aA{u) —>■ 3c > aVit < aA^‘^\u) (9) 

where A(u) = (3a: G Ppg3v t{x,u,v)) with a Ao-formula r in £ 1 . 

Let T°’'‘^(a;i) denote the resulting extension of the theory T 2 of ordinals with 
axioms ®, ®, ©, ® and ®, in which T(a;i) is interpreted. 


4 Ordinals for uji 

Let Or(P and be A-predicates on the universe V such that for any transitive 
and wellfounded model V of KPw, is a well ordering of type Cpo+i on Ord'^ 
for the order type po of the class Ord in V. is seen to be a canonical ordering 
as stated in the following Proposition 14.II 

Proposition 4.1 1. KPw proves the fact that is a linear ordering. 

2. For any formula (p and each n < to, 

KPw h Va: G Ord^{Wy xip{y) -A <p(x)) -A Va: UJn{po + ^)^{x) (10) 

For simplicity let us identify the code x G Ord^ with the ‘ordinal’ coded 
by X, and is denoted by < when no confusion likely occurs. Note that the 
ordinal po is the order type of the class of ordinals in the intended model Lp^ 
of Ti. Define simultaneously the classes 'Ha{3C) C Lpg U Cpp+i and the ordinals 
(a) and 'kp^ (a) for a £po+i and sets X C Loji as follows. We see that 
hLctiX) and {k G {a;i,po}) are (first-order) definable as a fixed point in 

Ti. 

For a < Spg, Recall that Hull(A) C £pp and Fx ■ Hull(A) o L.y for X C Lpg 
and a 7 = Fxipo) < Po- 
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Definition 4.2 TLaiX) is the Skolemhull of {0,wi,po}U-^ under the functions 
+,a M- fa,'I'pQ fa , the Si-definability, and the Mostowski collapsing 

functions {x, d) H> (Hull(a;U{wi})nwi C x) and d M- Fx{d) (Hull(a:)n 

Po C x). 

1. {o,u}\^pQ}yj X (z'Ha{x). 

2. x,y e'Ha{X) ^ X + y,uj^ G'Ha{X). 

3. -f G Ua^X) n a ^k(7) G ^a{X) for n G {uJi,po}. 

4. Hull(Ho(X)nLpJ C Ha{X). 

Namely for any Ei-formula ip[x^y\ in th® language {g} and parameters 
a C nLpo, if 5 G Lp„, 

5. If a; G 'Ha{X) Hwi with Hull(a:U{a;i}) Hwi C x, and d G (Hull(a:U{a;i}) fl 
Ua{X)) U {po}, then F,cu{t.;i}('^) S 'HaiX). 

6. li X G HalX) n Po with Hullfa;) fi po C a:, and d G Hullfa:) fl 'Ha{X), then 
F,(d) G Ho(X). 

For K G {a;i,po} and a < ffpo+i 

'krefa) := min{/3 < k : 'Haifd) Ci k C /3}. 

The ordinal 'f'^fa) is well defined and < k for k G {a;i,po}. 

Proposition 4.3 Both of x = 'Ha{X) and y = 'krefa) {k G {a;i,po}) are E 2 - 
predicates as fixed points in KPui. 

Lemma 4.4 For each n < to, 

Ti h Va < w„+i(po -I- l)V/c G {wi, po}3a; < k[x = 4'„(a)]. 

Proof. Let k G {a;i,po}. By Proposition 14.31 both x = Haifi) and y = ^/^fa) 
are E 2 -predicates. We show that A{a) :<t4> V/3 < po3x[a; = 7ta(/3)] A V/c G 
{wi,po}3/3 < Kf'kKfa) = /3] is progressive. Then Va < a;„+i(po + 1)Vk G 
{wi, po}3a; < k[x = tk„(a)] will follow from transfinite induction up to a;„+i(po-|- 
1), cf. (fTOl) in Proposition l4.ll 

Assume V 7 < aAfy) as our induction hypothesis. Since dom{h^^) is a Ei- 
subset of a; X /3 for /3 < po, it is a set by Ei-Separation. Then so is the image 
Hull(/3) of the Ai-map h^^. Hence V/3 < po^h[h = Hull(/3)]. 

We see from this, the induction hypothesis and E 2 -Collection that V/3 < 
po3a:[a: = Hq(/ 3) = IJ^ where is an m-th stage of the construc¬ 

tion of Haifi) such that x = H™(/3) is a E 2 -predicate. 

Define recursively ordinals {fimfm for k G {a;i,po} as follows. Let /3o = 0. 
fim+i is defined to be the least ordinal fim+i < k such that C fim+i- 

We see inductively that fira < n using the regularity of k and the facts that 
V/3 < k3x[x = 'Ha{/3) A card{x) < k], where card{x) < k designates that there 
exists a surjection f : j ^ x ior a. j < k and / G Lp ^. Moreover m 1 -^ /3m is a 
E 2 -map. Therefore fi = sup^ /3m < k enjoys 'Hdfi) n k C /3. □ 
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5 Hydras 

In this section the sets of hydras a and their responses a[z\ to Hercules’ chop are 
introduced. From these a hydra game is defined through well-behaved hydras 
defined in Definition 15.51 and the main theorem 15.91 is stated. It turns out that 
the game is well-defined in the theory Ti, cf. Proposition 15.6121 
Each hydra is a term over symbols 


{0, -b, w, ©, Do, Di, D 2 , F} U {•} U D u, 

where 0 is a constant, each of uj, Dq, Di, D 2 , F is a unary function symbol, 
+ a function symbol for branching and • a binary function symbol. © is a 
punctuation mark. In a hydra (oi + • • • + a„) © &, each is a ‘stack’ of hydras 
available for b, which is needed to define well-behaved hydras in Definition 
15.51 fA{y',xi,... ,Xn) in Ffj, is an (1 + n)-ary function symbol for Ap-formula 
A(x-, xi,..., Xn) in the language £ 1 . 

We sometimes write a;“ for ^ 2 ( 0 ) with a ^ 0, where denotes a fixed 
point free version of the exponential function a 1 —a;“ on ordinals a. For a 7 ^ 0, 
Do{a), Di(a) denote collapsing functions(a),'I'pg (a), resp. defined in section 
m while 1 := Do( 0 ), wi := Di( 0 ), and po := ^ 2 ( 0 ). Ja is a bounded /x-operators 
for Ag-formulas A on £i-structure po: 

fA{y;xi,., Xn) = PLX < y.A{x] xi,..., a;„) 

_ r min{d < 1 /: H(d;xi,... ,x„)} if po |= < 2 /a^i,..., x„) 

[ 0 otherwise 

Let Fq = {/a}a C Ffj, he a finite set of function symbols. In the following 
Definition l5.ll the set TL^Fq) of hydras over Fq and the set Tm{Fo) of terms over 
function symbols in {+, Xx.uj^, F} U Fq are defined simultaneously. It is clear 
that both of these sets are computable subsets of integers. Furthermore subsets 
TLi{Fo),'Di{Fo) {i = 0,1) of 'H(Fq) and the size |t| < w of terms t G Tm(Fo), 
the value v(a) < £pg+i of hydras and terms a € H(Do) U Tm(Fo), and finite 
sets Mi{a),Gi{a) {i = 0,1) are defined. For hydras a € Vi^Fo), its local stack 
stk{a) is also defined. 

Definition 5.1 (Simultaneous inductive definition of TL^Fq) and Tm{Fo).) 

1. 'Hq{Fq) c 'Hi{Fq) c 'H{Fq) n Tm{Fo) and 'D^{Fo) c 'Hi{Fo) for f = 0,1. 

g. {0}U{A(0) : f = 0,1,2} C niFo). {0,Do(0)} C no{Fo) and Di(0) G 
Hi (Do). 

|0| = |A(0)| = 1. u(0) = 0, u(Do(0)) = 1, u(Di(0)) = wi, viD^iO)) = po- 
Mj{0) = Mj(A(0)) = Gj(0) = Gj(A(0)) = 0 for j = 0,1 and i = 0,1, 2 . 

5. 0 ^ {ao,...,a„} C H(Do)[C Tm(Do)] (n > 0) ^ (ao + '-' + On) G H(Do)[G 
Tm{Fo), resp. 

(uq © ■ ' * © Un ) G 'hCi (D 0 ) }Uq ; • ■ ■ ; } © Hj )F g ) for % — 0,1. 
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|ao H-h o„| = - k <n}. 

v(ao + • • • + a„) = w(ao)# • • • #w(a„) for the natural sum # on ordinals. 

Gi(ao-l -l-a„) = U{G'i(afe) : k < n} and Mj(aoH- l-a„) = [j{Mi{ak) : 

k < n}. 

4- 0 ^ n < uj,0 ^ t £ Tm{J-o) U {£> 2 ( 0 )} ^ n ■ t £ where n = 

■ V' 

n' sl 

\n-t\ = |n| + |t| with \n\ = n. v{n-t) = n-v{t). Mi{n-t) = {t}. Gi{n-t) = 0. 

5. 0 7 ^ a € H(J'o) £> 2 ( 0 ) € niFo). £> 2 (a) G ^a£ 

\D2{a)\ = |a| + 1 . v{D2{a)) = ui^’G), Gi{D2{a)) = Gi{a). Mi{D2{a)) = 
Mi(a). 

6. (a) Let 6 be a finite list of hydras hi in 'D{Fq). Then for 

a £ ^{{Fo), Di{h © a) G I?i(J'o) for i = 0,1, and F{h © a) G Tm{Fo). 

(b) When b = 0(empty list), 0 © a is denoted a, and Dy{a) £ VylFo) for 

V = 0,1. 

\Dy{b®a)\ = \F{b © a)| = 1 + |a| + ■ i = 1,... ,n}. 

v{Do{b®a)) = 'i>^^{v{b ® a)), v{Di{b ® a)) = Tpj,(v(&©a)) with 
v{b © a) = u(6i)# • • • and v{F{b © a)) = 

for X = v{Do{b © a)). 


Gi{Dy{b(Bci)) 


{& © a} U Gi{bi) U • • • U Gi{bn) U Gi{a) if i < u 
0 if i > u 


M(D —^ ^ F[i{bn) U Mi{a) ii i < V 

M,(£»„(6©ajj - I ifi>v 

stk{Dy{b © a)) = b. 

7. t £ Tm{Fo) LO* £ Tm{Fo). |w*| = |t| + 1. v{uj*) = . Gi{uj*) = 

G,(t). M,(a;‘) = M,(t). 

8. For /a £ Fo, if ... ,t„} C Tm{Fo), then ... ,t„) G Tm{Fo), 

and .. ,t„) G Tm^^{Fo). 

|/A(t;ti,... ,t„)| = |/7(^;^i> ■ • ■ >^n)| = 1 + |i| +E{I^*I : * = 1, 

v{fA{t; ti,..tn)) = px < v{t).A{x; v{ti ),..., v(t„)) 

Gi(/^(t; ti,..., tn)) = Gi{t) U Gi{ti) U • • • U Gi{tn). 

M,{fAit;ti,...,tn)) = M,(t) UM^ti) U---UM,(t„). 

Note that v(a) < po for any a £ 7-ti(Fo) U Tm{FQ), and v(a) < Wi for any 
a £ TLoiFo). 



Proposition 5.2 Ti proves the following facts: a < b :<^ v{a) < v{b) is a 
linear ordering on quotient sets of hydras by the equivalence relation a ^ b 
v{a) = v(b). 

Proof. This is seen from Proposition 14.31 □ 


By Proposition 15.21 let us identify the hydras a with the ordinals v(a). 


Definition 5.3 For terms t € Tm(iFo) U {D 2 ( 0 )}, and sets c, co,ci C 'H{iFo) 


multit, 2 {J^o) 

multit^i{c; Tq) 
multitft,nic] To) 
Tnultttp^'ii(^C0i 5 .^o) 


{s : s G Tm{To),v{s) < u(t)} 

{s G multit, 2 {J^o) ■ v{s) G H«(c)(^^(A(c©)))}] (* = 0,1) 
{s G multit,o{c; Tq) : |s| < 2^ } 
multitpici] To) n multitfi,n{co',To) 


where t!(Di(c©)) = 'I'pg(?;(c)) and r!(Do(c©)) = 4>^j(n(c)). We write Di{c) for 
A(c©). 


Definition 5.4 Let Tq C be a finite set of function symbols. Let a G 'H{To) 
be a hydra. Its domain dom{a) and hydras a[z] G 'H{To) are defined for z G 
domia). 

dom{a) is one of sets 0(= 0), 1(= {0}), w, 'Hi{To) (i = 0,1) or one of sets 
multit 2 {.^o)^Tnultitp(ci\To) for a term t G Tm{To) U {D2(0)} with v(t) 0, 
and some sets ci C TL^Tq). 


([ ].l) dom{0) = 0 . 

([ ].2) dom(l) = 1 , 1 [ 0 ] = 0 where 1 = Do( 0 ). 

([ ].3) dom(A+i(0)) = MTo); (A+i(0))[z] = z for f = 0,1. 

([ ].4) Let m > 0 and 0 t G Tm{To) U {^ 2 ( 0 )}. dom{m ■ f) = multit^ 2 {To) 
(to • t)[s] = (to ■ s) + (to — 1 ), where (to ■ 0 ) + 6 := b. 

([ ].5) Let a = Di{b), where & is a non-zero hydra. 

([ ].5.1) If & = &o + 1, then dom{a) = w; a[n] = (A(&o)) • 2 := A(&o) + A(&o) 
for n G w. 


([ ].5.2) If either dom(b) G {u},'Hj{To) \ j < 1 } or dom{b) G {multitp{c] To) '■ 
t G Tm{To),c C ^{To)} and i = 1, then dom(a) = dom{b); a[z] = 
Di{b[z]) for z G dom{b). 


In what follows let & = Ci © &o with stk{Di{b)) = Ci and bo 0. 

([ ].5.3) If dom{b) G {^.^{To) : j > *}, then dom{a) = w. Let I = Di(ci©&o[l]) 
and r = Di((ci _|_ 1 ) ^ith stk{r) = Ci + D 2 (&o[I]) + I, a[n] := 

i+r if i = I. a[n] := r if * = 0, where Ci+D 2 ( 6 o[I]) + I := a* {D 2 {bo[l]), 1), 
a concatenated list. 
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([ ].5.4) If dom{b) = multit^ 2 {d^o) for a term t and z = 1, then (I?i(&))[s] = 
-Di(&[s]) for s € dom{Di{b)) = multit^i{ci\F q). 

([ ].5.5) If domib) G {multit, 2 (-^o),'n^ultit^i(ci; Fg) : t G Tm{Fg),ci C 'H(J^o)} 
and z = 0, then dom{Dg(h)) = cu. Let multin = multit^g^nicg, ci] Fg) when 
dom{b) = multit,i(ci] Fg). Otherwise multin = multitfi,n(cg] Fg). Then 
a[n] := Dgicg © &o[sn]) where s„ is a term in the set multin such that 
v{sn) = max({0} U {z;(s) : s G multin}). 

([ ]. 6 ) Let a = (oq + • • • + ak) (fc > 0), where each at is a non-zero hydra. Then 
dom{a) = dom{ak)', a[z\ = (oq + • • • + Uk-i + afc[ 2 ]). 

Note that in the case domia) = uj, a[n] depends on n only in the case ([ ].5.5). 

The term t of m • t in the case ([ ] .4) is regarded as the rightmost head of the 
hydra m-t. When Hercules chops off the head, the hydra chooses a term s from 
a (possibly) infinite set multit^ 2 {d^g), and m ■ t turns to m • s + (m — 1). When 
the t is the rightmost head in a hydra a = Dg{cg © 5i [• • • Z?i(ci © 5o[' • • ztz ■ t])]), 
the hydra a builds a term s from constants 0 , 1 , wi and a finite number of 
function symbols in {+, Xx.u)^, Dg, Di,D2, F} U Fg. Moreover the hydra obeys 
the restrictions s G Hci(T*i(ci©)) H Hcq (L?o(co©)) and |s| <2^ .In particular 
the hydra has to choose a term s from the finite set multitfi^n{cg, ci; Fg), and 
the hydra turns to a[n] = Dg{cg(Bbi[- ■ • Di(ci © 6 o[' ’' ’s + ~ 1))])]): cf. ([ 

].5.5). 

Note that we have multis^ 2 {^g) = Taultis’ 2 {Fg) when v{s) = v{s'). This 
means that it does not matter which maximal term Sn is chosen from the finite 
set multitfi^n{cg, Cl] Fg) in the Hydra games in Definition 15.81 
It is easy to see by induction on |a| that 

Mfia) C nfiDfic)) & Gfia) <c^aG UfiDfic)) (11) 

Definition 5.5 A hydra b is said to be well-behaved if every D-subhydra 
a) of b enjoys the following condition. 

Gfici © a) < Ci, V 6 G n{Fg)[Mfici) C HcfiDfid © b))],Mi{a) c TLcfiDfid)) 

( 12 ) 

Note that any multiplicative hydra m ■ t is well-behaved since there is no D- 
subhydra oi m ■ t. 

Proposition 5.6 Ti proves the following facts. 

1. For a G T-ig{Fg), dom{a) G {0, l,a;} and n G dom(a), a[n] G T-Lg{Fg) and 
|a[n]| < max{2|o| + 2^”, 3|a|}. 

2. For any hydra a and any z G dom{a), 3!6 G = a[z]). 

Proof. 15.6111 Let a = m-t and a[s] = m-s-\-{m— 1) for an s such that |s| < 2^ . 
Then |a[s]| < 2 to + 2 ^ < 2 |a|+ 2 ^ . Let a = Di(ci ©6) with dom( 6 ) = 7ti(J^o)- 
Then a[rz] = £ + r for ^ = Di(ci © 5[1]) and r = I?i((ci + D 2 {b[\]) + 1) © &[1]), 
and |a[n]| = \^\ + |r| < |a| + 2 |a|. 

15.6121 This is seen from Proposition 15.21 □ 
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Lemma 5.7 Ti proves the following facts: Let a € be a well-behaved hy¬ 

dra and z G dom(a) such that z is well-behaved ifdom{a) multit^ 2 iJ^o),'multitp{c]To). 

Then a[z\ is well-behaved and a[z] < a. 

Proof. By induction on the sizes |a| of hydras a. Let a be a well-behaved hydra. 

Consider the case when a = Dy{c (B b) with b ^ 0. 

([ ].5.1) If& = &0 + 1) then a[n] = D^(c©&o)'2, where II„(c©5o) is well-behaved 
since G„(&o) = Gy{bo + 1) and My{bo) = My {bo + 1). 

([ ].5.2) If dom{a) = dom{b), then a[z\ = Dy{c® b[z\). By IH b[z] is well- 
behaved and b[z] < b. We have Gy{b[z]) C Gy{b) by Gy{z) = 0. If either 
dom{b) = w or dom{b) = %o{iPo)^v = I, then My{b[z]) C My{b), and 
a[z] is well-behaved. Let dom{b) = multit^i{ci \ Fq) B z and = I. Then 
b = b[Di{ci © bo[m ■ t])] for some bo with dom{bo) = multit^ 2 {J'o) and 
m < LO. We have z G "Hci(f3i(ci)), and My{b[z]) C My{b) U My{m ■ z) = 

My{b) U {z}. On the other hand we have ci < ci © 6o G Gi{b) < c and 
-Di(ci) < Di{c) by Cl G %c{Di{c)). Hence z G %c{Dy{c)), and o[z] is 
well-behaved. 

From (fTTl) . Gy{c(Bb[z]) < c, M„(c©6[z]) C 'Hc{Di{c)) and c G 'Hc{Dy{c® 
b)) we see that c © b[z] G T-Lc{Dy{c © b)). Hence we obtain o[z] < a by 
b[z] < b. 

([ ].5.3) If dom{b) = 'Hi{To) with i > v, then a — Dy{c © 5[Z3i+i(0)]) and 
a[n] G {f + r, r} for n = z G dom{a) = oj, i = Dy{c © 6[1]) and r = 

Dy{(c + D 2 {b[l]) + 1) © 6[1]). By IH b[\] is well-behaved. We see that 
Gy{{c + D 2 {b[l]) + 1) © C Gy{c © 6) < c < Iffc, My{b[l]) C My{b) 
and My{c + D 2 {b[l]) + 1) = M„(c © 6[1]) C 'Hc{Dy{l + c + d)) for any 
d. Hence a[n] is well-behaved. It is clear that . 2 + 1 = 

v{{c + D 2 {b[l]) + I) © d[l]) < v(c © 6) = v{c)ffuj'"^^'> by 6[1] < b, and 
a[n] < a. 

([ ].5.4) If dom{b) = multit^ 2 {^o) and n = 1, then a[z] = Di{c ® b[z\) for 
z G multitp{c-,To)- By IH b[z\ is well-behaved and b[z\ < b. We have 
Gi(5[z]) C Gi(5) and Mi{b[z]) C Mi{b) U {z}. From z G multitp{c; IFo) 
we see z G 'Hc{Di{c)), and hence a[z] is well-behaved. Also a[z] < a 
follows from b[z] < 6 as in the case dom{b) = u},'Ho{J-o). 

([ ].5.5) Finally let dom{b) = multit^ 2 {^o),'multitp{ci] iFo) and v = 0. This 
means that b = b[m -t] oi b — b[Di{ci © 6o[to • t])] for some bo and m such 
that dom{bo) = multit^ 2 iJ'o)- Let multin denote the set multit.o,n{c,ci',iFo) 
when dom{b) = multitp{ci; J-o). Otherwise let multin = multit o,n{c, -To). 

Then n = z G dom{a) = w and a[n] = Do(c©6[s„]) for a term G multin, 
where 6[s„] = b[{m ■ t)[s„]] or b[sn] = b[Di{ci © bo[{m ■ t)[s„]])] with 
(to • t)[s„] = TO • Sn + (to - 1). 

From IH we see that 6[s„] is well-behaved, 5o[(m • t)[s„]] < 6o[to • t] and 
6[sn] < b. We have Mo(5[s„]) C Mo{b) U {sn} C TLc{Do{c)) by Sn G 


II 


multitfi^n{c; To). If dom{b) = multit^ 2 {J^o), then Go(c0&[s„]) C Go(c0&). 
If dom{b) = multit,i{ci]Fo), then Go(c0&[s„]) C Go(c0 6) U {ci (Bbo[{m ■ 
t)[sn]]} < Go(c0 &j < c by Cl 0 bo[{m ■ t)[sn]] < ci 0 6 o[to • t] S Go(6) < c. 
Hence a[n] is well-behaved. 

We have Go(c05[s„]) < c, Mo{c06[s„]) C 'Hc{Do{c)) and c G 'Hc{Do{cS) 
b)). We obtain c 0 6[s„] G 'Hc{Do{c 0 b) by (fTT|l . Hence a[n] < a by 
b[sn] < b. 


□ 


When dom{a) = 1, let a[n] := a[0] for any n G lu. 

Definition 5.8 (Hydra games (battles)) 

Let To C Tf^ he a. finite set of function symbols. Let ao G HoiTo) be a given 
hydra over To- Define hydras G TLoiTo) over Tq recursively as follows. 

1. If Qn = 0, then ttn+i = 0. 

In what follows assume a„ 7 ^ 0. 

2. ttn+i = an[n] where the RHS is determined from Tq. 

Let (H)^^ denote the statement saying that 

for any finite set To C T^ of function symbols, and any well-behaved 
ao G Tdoi-^o), there exists an n < w such that a„ = 0. 

Theorem 5.9 1- Ti proves the statement (H)^^ for each hydra Oq G T-Loi^o)- 

2. Ti does not prove the statement (H)^^. 

Proof. Theorem 15.9111 is seen from Lemma 14.41 and Lemma 15.71 

Theorem 15.9121 follows from a ‘consistency proof’, i.e., from the following 
Lemma [5. 101 Note that the statement (H)^^ is of the form \/m3n R{m,n) for a 
n 2 -predicate R with codesG oj of hydras since & = a[n] is n 2 . □ 

Lemma 5.10 


Ti h (H)^^ ^ CON(ri) 


for a standard consistency statement CON(Ti) of the theory Ti. 


Lemma 15.101 is shown in the next sections [6] and [T] 


6 Finite proof figures 

In this section an extension Tc(a;i) of the theory with individual con¬ 

stants and function constants is formulated in one-sided sequent calculus, and 
permissible ordinal assignments to sequents occurring in proofs are defined in 
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subsection 16.II Each proof is shown to have a permissible ordinal assignment in 
subsection 16.21 

In this section ini and the next section [7] we work in the theory T(a;i). 

The language of Tc(wi) is obtained from C 2 by adding names (individual 
constants) Ca of each ordinal a = Di{b) {i = 0,l,b ^ 0), names Ca of each ordinal 
a = F^u{u;i}iPo) for x = Do{b) = ( 6 ), and ‘function symbols’ fAivi, ■ • ■, J/n) 

for each Ao-formula A(x; j/i,..., y„) in the language Ci. The constant Ca is 
identified with the ordinal a. Formulas are assumed to be in negation normal 
form. 

Hull(a;) denotes the Ei-Skolem hull of sets x of ordinals on po, where po is 
regarded as an £i-structure. 

Definition 6.1 Terms in Cf. are generated as follows. 

1. Each variable and each constant Di(b), is a term. 

2. If t is a term, then so is w*. 

3. If ti,..., (n > I) are terms, then so is + • • • + 

J^. For Ap-formula A{x] yi,..., j/„) and closed terms ti,..., 
px.A{x] ti,..., tn) = /a(^i, ■ ■ ■, in) is a closed term. 

Fxu{uji}{y) denotes the Mostowski collpase : Hull(a: U {wi}) f-)- 7 

with X = E 3 ,u{c,;i}(wi) and 7 = F^a{ui^}{po)- 

Each term in Cc is a term in Tm{Ffj). 

Definition 6.2 1. A literal is one of atomic formulas s < t, R-^is, t), P{to, ti), 

Ppp (t) or their negations. 

2. The truth of closed literals is defined as follows, s < t is true if v{s) < v{t). 
R-^{s,t) is true if R-^{v{s),v{t)) holds. P{tQ,ti) is true if v{to) = x = 
^a;i(/3) and'u(ti) = F^^j^^^yipo) for some/3. Ppo(t) is trueiiv{t) = ^'po(/3) 
for some [3. A closed literal is true if L is not true. 

3. An E-formula is either a literal or a formula of one of the shapes Aq V 
Ai, da: A(x). 

The following are axioms and inference rules in Tc(wi). By Ao-formula we mean 
a bounded formula in the language £p in which predicates P, Pp^ does not occur. 
A Til-formula or a Ai-formula is defined similarly. These formulas are obtained 
from formulas in Ci U {wi} by substituting £c-terms for variables. 

[Axioms] 


where A is either a true closed literal or a true closed Ag-formula or a Ag-axiom 
whose universal closure is an axiom for the constants 0, <, +, Xx.ui^. 
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T,^A,A 


(taut) 


for literals and Ao-formulas A. 


This means dp (A) = 1 in Definition 16.41 below. 
Cf.®. 


r, (s ^ uji,)3x,y < wi[s < X A Pix,y)] 


(P3) 


When s < wi is a true literal, this may be absent. 

Cf.®. 

r,3a:[s <xAPp„{x)] 


[Inference rules] In each case the main (principal) formula is assumed to be 
in the lower sequent T. Namely (Aq V Ai) G T in (V), (^o A ^i) £ T in 
(a), (3a;A(a:)) G T in (3), (3x < t A{x)) G T in (&3), (^xA{x)) G T in (V), 
(Vx < tA{x)) G r in (&V). 

The variable x in (V), (&V) is an eigenvariable. 

-r- (V)-T- 


r,A(s) r,A(s) r,A(x) ^t,A{x) 

-r- <^>(77ur ('')-f-<*''> 

where in (63), the formula s ft t may be absent when s ft t is a closed false 
literal. 

r,Aix <yA{x),A{y) T,-.yl(s) 

- / > ^ 

(s t, r 


where s t may be absent in the lower sequent when s < f is a true closed 
formula. The term t is the induction term of the (ind). The variable y is the 
eigenvariable of the rule (ind). 


r, ~<A A, A 

fvv 


(cut) 


A is an P-formula called the cut formula of the {cut). 


r,\/x < t A{x) t ft y,3x < t ^Aty( (x), T 
T 


{Rfl) 


t is a term, y is an eigenvariable, and A{x) = {3z G Ppo3w B{x)) = {3z[Ppg {z) A 
3wB{x)] {B G Ao), A^y^ix) := {3z G PpoHydu; < y B) = {3z < y[Pp^{z)A3w < 
yB{x)]), cf. ®. 


_r,</^[cui,s]_ 

r, (-'P(to, tl), s ^ to, )(p*^ [to, s] 


{P^l) 
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tp is an arbitrary Ei-formula in the language £i with predicates cf. ([S]). 
When P{to,ti) or s < to is a true literal, these may be absent. 


__ 

r>(“'-PpoW.s £)£*W 


(^PoSl) 


(fi is an arbitrary Ei-formula in the language Ci, cf. ©• When Ppg (t) or s < t 
is a true literal, these may be absent. 


r 

r,A 


(h) 


r, Vx < tA{x) 
r, Vx < tA^°‘\x) 


[Di)^ 


r,A 

r,A(“) 


Pl)a 


where t is a closed term with v{t) < a, A[x) = {3z S Ppg'Bw B{x)) [B G Aq), 
A^y\x) := {3z G Ppj, n y3w < y B) and a = Di{ci © ao) for some ci © ao 7 ^ 0 
with Cl = stk{a). F U A is a set of closed formulas in which no unbounded 
universal quantifier occurs. 


J {Do)a 

where A is a set of false closed Ap-formulas, and a = Dq^cq © ao) for some 
Co © do 7 ^ 0 with Co = stk{a). 

T r 

(pad)6 c{pad) 


for b,cG 'H(J^o)- 

Proof figures are constructed from these axioms and inference rules. 

6.1 Ordinal assignment 

In this subsection let us define permissible ordinal assignments. 

Definition 6.3 The height h(T) = h{r]P) < a; • 2 of sequents F in a proof 
figure P. 

1. /i(F) = 0 if F is the end-sequent of P. 

2. h{T) = w • f if F is the upper sequent of a {Di). 

3. h{T) = h{A) + 1 if F is the upper sequent of an (h) with its lower sequent 

A. 

4- h{T) = h{A) if F is an upper sequent of a rule other than {h) and (Di) 
with its lower sequent A. 
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Let /io(r) = /i(r) if h{T) < u. ft.o(r) = h{T) — w if h{T) > oj. 
Definition 6.4 The depth dp(A) of formulas A. 

1 . dp(^) = 1 if ^ is either a literal or a Ao-formula. 

In what follows A is neither a literal nor a Ao-formula. 

2. dp(^) = max{dp(Ai) : i = 0,1} -I- 1 if A= {Aq V ^i), (^o A ^i). 

3. dp(^) = dp(i3) -I- 1 if = {3xB{x)), (yxB{x)). 

4- dp(^) = dp(i3) -I- 1 if ^ = (3a: < tB{x)), (Va; < tB{x)). 


Definition 6.5 A proof figure is said to be height regulated if it enjoys the 

following conditions: 

(hO) The end-sequent of V consists solely of closed false Ao-formulas. 

(hi) There occurs no free variable in any sequent T if /i(r) < oj. 

(h2) If a rule (Di) Jq is above another {Di) Ji, then the only rules between Jq 
and Ji are (Di)’s. 

(h3) Let r, 3a:[s < xAPpg{x)] be an axiom (PpoA) in V, and J be a (cut) whose 
cut formula is a descendant C = (3a:[s < x A Ppo{x)]) of C in the axiom. 
Then h{/A) > w. 

(h4) For any {cut) in V, dp(C') < /io(r, A) for its cut formula C and the lower 
sequent T, A. 


(h5) For any {ind) in V 

T,-hJx <yA{x),A{y) F, 


nA(s) 


(s ^ t,)T 

OJ 3- dp(Va; < sA(a;)) < h{s yl t, F). 


ind) 


(h6) There exists a rule {Di) below a (Rfl). Let J be the lowest such rule 
(Di) with the lower sequent A. Then h{A) > dp(3a; < t^A^y'>{x)). 


T,\/x<tA{x) t ^ y,3x < t^A^'^') {x),r 


^ {Di)J 


{Rfl) 


Definition 6.6 Let no be a positive integer, and Fq C Fp a finite set of function 
symbols. An {no, Fq)- ordinal assignment for a proof figure P attaches a well- 
behaved hydra (an ordinal) o(r) S ^.{Fo) to each occurrence of a sequent F in 
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V which enjoys the following conditions. Let us write when the lower sequent 
r receives an ordinal b, i.e., o(r) = 6 , and o(rj) = ai for upper sequents 

• r^, CCi ‘ ‘ 

fr 6 

Axioms r. 

1. If r is one of axioms (ax), (taut), then 0 ^ o(r) G 'H(J'o). 

2. For a o(r) = no • po + Po ' w for m > 1, where no = 1 + ■ ■ • + 1 

no’s 1 

in no • po € Tm and po • to = po + • • • + po- 

V ^ 

m’s Po 

3. For a (P3) F, o(r) = wi. 

Rules. Let F be the lower sequent of a rule J with its upper sequents Fp 


1. J is one of the rules (V), (PY,i), (Ppj,Si) or an implicit (&V): o(r) = o(ro). 

2. J is an explicit ( 6 V): o(r) = o(ro) + b for some 0 ^ b G 'H{Tq). In this 

case the rule is denoted (&V)t,. 

3. J is a (a): Then two upper sequents FqjFi have to receive the same 
ordinal o(ro) = o(Fi), and o(r) = o(Fo) if J is implicit. Otherwise 
o(F) = o(Fo) + b for some Q ^b G 'H(Po). In this case the rule is denoted 
(A)6. 

4- J is one of rules (V), (3), (63): o(r) = o(ro) + 6 for some 0 ^ b G 'H(Po). 
In this case the rule is denoted (V)h, (3)},, etc. 

5. J is a {pad)b- o(r) = o(ro) + 6 for 6 e 'H(Tq). 

6. J is a b{pad): o(r) = 6 + o(Fo) for 6 e 'H(J^o)- 

7. J is an (h): o(F) = = i 72 (o(ro)). 

8. J is a (cut): o(F) = o(ro) + o(ri). 

9. J is a (Rfl): o(r) = o(ro) + po where o(ro) = o(Fi). 

10. J is an (ind): 

r,Pdx < yA(x),A{y);ao r,-.A(s);ai 

-;—:—^- (inct) 

(s <,)r ;6 

Let mj(t) = 1 ) 2 ( 0 ) if t is not closed. Otherwise either mj{t) = 1 ) 2 ( 0 ) or 
mj(t) = t' for some t' GTm such that v(t) < v{t'). 

If -^A{y) is an iJ-formula, 6 = (oq + oi + 1) • mj(t). Otherwise 6 = 
(oi + oq + 1 ) • rnj{t), cf. (pi) below. 
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11 . J is a rule (£> 1 ): If J is a (£>i), then 


_ J £)i(ci © o(ro)) ifh(r)<a; 
^ 1 o(ro) if h{r) = u; 

where stk{o{T)) = a. 

12. J is a rule (Dq): 

o(r) = I?o(co © o(ro)) 

where stk{o{T)) = cq. 

Finally let o{V) = o{Tend) for the end-sequent Tend of V. 
Note that by (h2), there are rules {Di) consecutively. 



1 


(Di) 


^ (Di) 

with h{To) < OJ. Then o(ri) = ••• = o(r„) and o(ro) = ZIi(c © o(ri)). We 
write stk(o{Ti)) = c for any i < n. 

Definition 6.7 Let \x\ = 1 for the variables x. 

For a proof V with an o.a. o, \{V,o)\ denotes the maximum of |o(P)| and |t| 
for terms (possibly with variables) t occurring in V. 

Lemma 6.8 (Depth lemma) 

For any formula A{x), there exist ordinal assignments o such that 

o(F, -^A{t), A{t)) e {dp(^(x)), po ■ dp(A(a;)), n-po + po- (dp(A(a:)) - 1) : n > 0} 

for any F and any term t. 

Proof. By induction on dp(^). To get o{T, ^A{t), A{t)) = dp(A(a;)), assign 
a positive integer to {tautfs T,^B,B and use (V)^, (3)},, etc. for 6 = 1. To 
get o{r,-•A{t), A{t)) = Po ■ dp(A(a:)), assign an ordinal po ■ m {0 < m < oj) to 
{tautys and use (V)h,(3);,, etc. for b = po. Finally to get o{T, ^A{t), A{t)) = 
n- po + Po ■ (dp(dl(a;)) — 1) for n > 0, assign n- po to {tautfs and use (V)h, (3)},, 
etc. for some b = po • m. □ 

Definition 6.9 A pair {V,o) of a proof figure V and an (no,£o)-o.a. (ordinal 
assignment) o : F 1 —>■ o(F) G 'H(J^o) is a proof with o.a. (ordinal assignment) if 
the following conditions are met. 

(po) V is height regulated. 
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(pi) For any (ind) occurring in V 


T,-:\/x < yA{x),A{y)]ao r,-.A(5);ai 
{s a 


(ind) 


dp(A(y)) < ai < oo < w. 

(p2) (p2.1) Let t be a closed term occurring above an uppermost (Di) with the 
local stack a. Then t € 'HaiDi^a®)) where v{Di{c(B)) = 5'po(u(c)) 
and v{Do{c®)) = 'I'^i(u(c)). 

(p2.2) Let J be one of rules {Di)^ occurring in 'P, L the lower sequent, 
and Fq the upper sequent of J. Then a > Di{c © o(Fo)), where 
c = stk{o(T)). 

(p3) The final part of V consists in a (Dq) followed by a series of paddings, 
{p)bi = {pad)bi such that bi £ TLo^Tq). 


A 

A 


P = ^ iP)bo 



Also there is no (Dq) above the final {Dq), i.e., the final is the unique rule 
{Dq) in V, which is a bottleneck of V. 

From (P3) and Proposition 15.6111 we see that dom{o{Tend)) £ {0,1, w} for 
the end-sequent Tend of V. 

Lemma 6.10 (Inversion) 

LetV a proof of T ,\/X A{x), andt a closed term. Let o be an o.a. for sequents in 
V. Then there exists a proof V ofT,A{t) and an o.a. o' such that o'(r, A(<)) = 

o(r, Vx A(a:)). 

The same holds for proofs ending with F, Aq A Ai for conjunctive formulas 
Aq A Ai. 

Proof. Substitute t for a; in P to get a proof P' of F, A(t). Consider {indfs, 
and let s be the induction term in which x occurs. Then let mj{s[x := t]) := 
Po = 'bnj{s) in the o.a. o' even if s[x := t] is a closed term. □ 

Lemma 6.11 (False literal elimination) 

Let A he a false closed literal, andV a proof of T, A enjoying the condition (p2). 
Let o he an o.a. for sequents in P. Then there exists a proof V' of T and an 
o.a. o' such that o'(F) = o(r, A). 


19 





Proof. Eliminate the ancestors A oi A to get a proof V' of E. Consider first 
(PEi). 

r,(/?[u;i,s];o 

If one of literals -'P{tQ, ti), s to is a false ancestor of A, then eliminate it from 
the lower sequent. The case (PppEi) is similar. □ 


6.2 Embedding 

An (no, Po)"Ordinal assignment o defined in Definition 16.61 attaches hydras to 
axioms (Ppg3) in a restricted way. The reason for the restriction is to guarantee 
the existence of an ordinal assignment enjoying the condition that two upper 
sequents of a rule (A) or a rule (Rfl) have to receive the same hydras. 


Lemma 6.12 Suppose that Ti is inconsistent. Then there exist a positive in¬ 
teger no, a finite set Po C Pp and a proof Vq of the empty sequent with an 
{no,Po)-o.a. oq such that {Vo,oo) is a proof with o.a. 


Suppose that Ti is inconsistent, or equivalently is inconsistent. We 

show that there exists a proof Po of the empty sequent and an {no,Po)-o.a. oq 
such that (fPo,oo) is a proof with o.a. for some no,Po- 

Let Qo be a proof figure of -A/z < U!i3x,y < u}i[z < x A P{x,y)], i.e., the 
negation of the axiom ([6]) from axioms in T 2 except n 2 -Reflection, axioms (|5|) . 
([H), dSl) and (O. 

In what follows Pq denotes the set of function symbols for Ao-formulas 
A occurring in Qo- 

Each leaf in Qo is either a logical one (taut) or one of axioms in T 2 except 
n 2 -Reflection, axioms ®, 0, ® and ®. Inference rules in Qo are logical 
ones, (V), (a), (3), (V) and (cut). 

Let us depict pieces of proofs of each leaf in Qo except (tautfs together with 
possible ordinal assignments, and show that there are no, mo such that for any 
n > no and any m > mo, there exists an o.a. o such that o(r) = (n,m) = 
n ■ Po + Po • m ioT all leaves T in Qo. 

1. When \/x A is the universal closure of an axiom in T 2 except Foundation 
and n 2 -Reflection schema, replace the leaf F, \/x A by 


r, A; (n + 1,0) 

r,vf A 


r,Vi?A; (n + I,to) 


(ax) 

(V) 

(pad)po 


for any n,m with m times (pad)pfs. 
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2. Leaves for axioms ®, © and (© are derived from inference rules (PSi), 
(PppSi) and (Pp„3), resp. For example, 

_ -^^[y\,v[yl{n + i,d) _ ^ 

'^.^Ppo{x),y ^x,^ip[y\,ip^[y]-{n+l,d) ^ ^ 

T,\ix,y{-^Pp„[x)y y-^xy ^ip[y]y ip^[y])]{n + l,d + Q) 

with 6 times (V)po, and d > dp((/7[y]) — 1 = 1. 

r, 3x[y <xAPp^ (a:)]; (n + 1, m + 1) 

Tyy(3x[y <x APpg{x)])]{n + l,m + 3) 

3. Leaves for Foundation schema are replaced by 


r, Vx < y A{x), -iVx < yA{x) \ d F, —<A(y), A(y) 
r, ->Prg, ->Vx < yA{x), A{y); d 1 


(A),( 3 )i 


r,A,A{x),^A{x)-d- 1 


X ^ y,r,A;(2(i+ 1,0) 
r, —>Prg, Vx < y A{y) 


m 


{ind) ; 

r, ->Prg, ->Va; < y A{x), A{y); (0, d + 1) 


r, ->Prg, A{y); {2d + 1, d + 1) 


{cut) 


r, Vy{Vx < y A{x) —¥ A{y)) Vy A{y)-, {2d + 1, d + 3) 


(V).(v)i 


where A = {^Prg, 3l(a::)} with Prg = (Vj/(Vx < y A{x) A{y))) and w > 
d > dp(Va; < y A{x)) > dp(A(a;)). Also (2d+ 1, 0) = {d+l + d—l + 1) ■ po 
with Po = mj{y). 

Observe that this piece enjoys the condition (pi). 

4. Leaves for ([9|) are replaced by 


3a; < z-'A(^)(a;), Va; < z A(*^)(a;),r; (n + l,d — 1) 


F, AjVa; < z A(a;); (n + 1, d) 


( 3 ), 


z yl 2/,3a; < z-.A(2^)(a;),r, A; (n +l,d) { 


F, A; (n + 1, d + 1) 


F, Vx < z A(x) —dyVx < z -^A^y\x)\ (n + 1, d + 3) 


(V) 


Po 


for A = {-iVx < zA(x),3?/Vx < zA(^)(x)} and uj > d > dp(Vx < 
zA(^)(x)) > dp(Vx < zA(x)). 


Next consider inference rules in Qq. At each (V), add po, he., replace it by 
(y)pQ- The same for (3) introducing an existential formula. For (A) we can 
assume that both upper sequents receive the same ordinal. 

Finally consider a (cut): 


T,^A A, A 

FA 


(cut) 
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Replace it by 


A A A,^A-iO,d) 

r, A, -I A A A-, (n, m) A\J -'A; (0, d + 2) 
r, A; (n, m + d + 2) 


('^)po 

{cut) 


where oj > d> dp(A). 

Note that there occurs no inference rules (Di) for z = 0,1 in the constructed 
Qo. 

Let Qi be the proof of -iVz < uii3x,y < u}i[z < x /\ P{x,y)] obtained from 
Qo as described above with an ordinal (n, m) = n- po + po-m. Add a (cut) with 
the axiom (P3) and some (h)’s respecting (h4) and (h5) to get a proof Q 2 : 


Q 2 = 


z -jt OJI, 3a;, y < u)i\z < x /\ P{x,y)]-,u}i 
'iz < cji3x, y < uji[z < X /\ P{x^ y)] 


(P3) 

m 


: 

-iV^: < y < ijJi[z < X A P(x, y)]; (n, m) 



{cut) 


where 61 = a;fe(a;i + n • po + Po ■ w) with the number k of (/i)’s. 
Next let 

; Q 2 

0;6i 

Q3 = 


W;ai 

0;&o 

0 ;ao 


{Dl)ai 


(h) 

{Do)c 


where ai = £)i(0 © &i) with the empty stack 0. Obviously ai is well-behaved. 
The conditions (h2), (h3) and (h5) are fulfilled with the introduced rule 
{Di)ai- bo = ujg(ai) with the number q of (h)’s respecting (h6) and ao = 
L>o(co© 6 o) with cq = ujp(po + l) > &i, where a;p(po + l) = -D 2 (- ■ • L> 2 (L> 2 ( 0 )) • • •) 
with {p + l)’s £> 2 . Then (p2.2) is enjoyed for Q 3 , and M{hi) = M{ho) = 
Gi{hi) = 0, Go(&o) = {0 © di} for ai = Di{% © &i). Hence ao is well-behaved. 

Let c be a positive integer such that KQs, o)| + c < 2^ . Finally let 


Vo = 


: Q 3 


0;ao 

0;ao 


{pad)c 


Thus oo = ao + c and \{Vo, o)| < 2 ^ . 

This Vo with the o.a. is a proof with o.a. defined in Definition 16.91 Since 
there occurs no constant other than 0 ,a;i in Vo^ the condition (p2.1) holds 
vacuously. Obviously we have oo € 7do(-Fo). This shows Lemma [6. 121 
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7 Reductions on finite proof figures 

For a proof Q 3 of 0; ao in the proof of Lemma [6.121 and i < c, let 

: Q 3 

'Pi — 9 / n 

^ {pad)c-i 

Then o{Vi) = ao + (c— i), and Oc = o{Vc) = ao[0] • • • [c—1]. Obviously |('Pc,o)| < 
2^ . Each term (possibly with variables) occurring in Q 3 , i.e., occurring in Vq is 
a term over constants in { 0 , 1 , Wi}, some finite number of variables and function 
symbols in {+, Xx.co^} U Jp- 

s. In what follows let (P, o) be a proof with an o.a. o with o{Tf.nd) € 'Ho(-^o) 
for the end-sequent Tend of false Ao-formulas, and n > c an integer. Assume 
that o('P) is well-behaved and |(7^,o)| < 2^". Then another proof {V',o') is 
constructed so that o'{V') = {o{'P))[n\ and |(T’',o')| < 2^"^^ This proves 
Lemma 15.101 

Note that when each term t' in V' is obtained from terms t, s occurring in 
T* by a substitution t' = t[x := s], then the condition |t'| < ( 2 ^")^ = 2 ^"^^ 
follows from |t|, |s| < 2^ . Also by Proposition 15.6111 we have |(o(iP))[n]| < 
max{22” • 2 -h 22", 22" • 3} < 22"’"' if \o{V) | < 22". 

In each case below the new o.a. o' for the new proof V' is defined obviously 
from the o.a. o and the subscripts b of the displayed inference rules. 

Definition 7.1 The main branch of a proof figure 7^ is a series {ri}i<„ of 
occurrences of sequents in V such that: 

1. To is the end-sequent of V. 

2. For each i < n, F^+i is the rightmost upper sequent of a rule Ji with its 
lower sequent Fj, and Ji is one of the rules {cut), (h), {pad)o, b{pad), and 
(PEi),(Pp„Si),(A)(i = 0,l). 

3. Either F^ is an axiom or r„ is the lower sequent of one of rules 
(V), (a), (3), {b3), (&V), {ind), {Rfl), and {pad)b with b y^O. 

Fn, is said to be the top of the main branch of P. 

Let $ denote the top of the main branch of the proof P with the o.a. o. 
Observe that we can assume $ contains no free variable. 

7.1 top=padding 

In this subsection we consider the cases when the top d) is a lower sequent of 
one of rules {p)b = {pad)b with 6 ^ 0 or one of rules {p)b = (V){,, (3)},, (63);, or 
an explicit {p)b = ( 6 V)h, (A)h with 6 > 1. 
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Case 1. dom{b) = oj. Then dom{o{'P)) = dom{b). 


■■ ■; Qq 

$;ao + 6 


{p)b 


is replaced by 

' ' * : ^0 / \ 

^-rTTT ^ib[n] 

<I>;ao + b[n] 

The condition (p2.2) is fulfilled with the replacement V by Lemma [5.71 

Case 2. dom{b) = for i = 0,1: b = b[Di+i{0)] and dom{o{'P)) = oj. 

Consider the uppermost {Dy) (v < i) on the main branch at which Dy is applied 
for hydra. Such a (Dy) exists by (p3). 


• • •; Qq . N 

r;D„(c©a[A+i(0)]) 


where c = stk{o{T)). 

We have {Dy{c © a))[n] = £ ■ v + r with £ = Dy{c © a[l]) and r = Dy{{c + 
D 2 {a[l]) + 1) © a[l]). For u = 1, 


r;pi(c©a))[n] 


For u = 0, 


• ■; Oo 


$;ao + [>[1] 


{p)b[i] 


p- {Do) 
1 ; r 


24 













Case 3. b = bo + I, dom{b) = 1 = dom{o{V)): Then (p)f, = {pad)b- 


• ■ •; Qq 

oo + 5o + 1 


{P)b 


■ • •; a + 6o + 1 


is replaced by 


• ■ •; Qq 

$;ao + bo 


ip)bo 


■■■ ;a + bo 

Case 4. b = bo + 1, dom{o{T’)) = w, and bo ^ 0 when {p)b ^ {pad)b- Consider 
the uppermost (Dy) (v = 0 , 1 , 2 ) on the main branch at which Dy is applied 
for hydra. Let T be the lower sequent of the (Dy), i.e., the uppermost sequent 
below the top $ such that h{r) < h{^) or T is the lower sequent of a (Di) for 
z = 0,1. Let us write D 2 {a) for We have {Dy{d © (a + &o + 1)))N = c • 2 
for c = Dy{d © (a + 6 o))- 


; oo 


$; oo + 5o + 1 


ip)b 


V = 


a + 6o T 1 


L; Dy(d © (a + 6o + 1)) 


Replace the (p)ho+i by {p)bo and insert a new (pad)c immediately below L. Note 
that c € 'Ho(-^o) when u = 0, cf. (p3). 


• • •; Qq 

4>; ao + bo 


{P)b0 


V := 


• • •; a + bo 


L; Dy{d © (a + bo)) 
L; c - 2 


{pad)c 


Case 5. dom{b) € {multit, 2 (d^o),'bnultit^i(ci;J^o) ■ t G Tm{To),ci C 'H(J^o)}- 
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■ • ■; ao / N 
ao + 5 


V = '■ 

■■■; a 

T; Do(co © a) 


where dom(a) € {multit,2(~^o)!'multit,i(ci; J^o) ■ t G Tm{To),ci C 

Let multin denote the set multitfi^n{ci^ cq; J^o) when dom(a) = multit^iici] Fq). 
Otherwise multin denotes the set multitfi^nico; Fq). Let s„ € mulUn be a term 
such that (-Do(co © a))[n] = -Do(co © a[sra]). Let 


v = 


• • •; qq 

ao + b[sn] 


ip)bls„] 


L; Do{co © a[s„]) 


The condition (p2.2) is fulfiiled with V by Lemma [?771 
7.2 top=cixiom 

In this subsection we consider the cases when the top $ is an axiom. 

Case 1. The top $ = Aq is either an (ax) or a (taut). Then $ contains 
a true Ao-formula A or a true atomic formula A = (-i)P(to, ti), (“')-Ppo(^)- In 
each case dp(A) = 1. Let $; b. 

Case 1.1. dom(b) = oj: As in Case 1 of subsection 17.II replace 

$; b 


by _ 

d>; b[n] 

Case 1.2. dom{b) = 'Hi{Fo) for i = 0,1: Then as in Case 2 of subsection 17.11 
replace V 

^;b[D,+iiO)] 

by the following V' 

$;&[!] 
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and insert a e{pad) below a {Di) if it is needed to have o{V)[n] = o{V'). 
Case 1.3. b = bg + 1 with bg 0: As in Case 4 of subsection 17.11 replace 


$; &o + 1 


by _ 

4 >; 6 o 

and insert a {pad)c under the uppermost {D^) below the top $ in and 
1 ) 2 ( 0 ) = and (D 2 ) = (h). 

Case 1.4. dom{b) G {multit^ 2 {J'o),'multit.i{ci;To) ■ t € Tm[To),ci C H(J^o)}: 
As in Case 5 of subsection 1 7. 11 replace 


$; b 

•p = ■ ■ ■; a 

F; Dq{co © a) 

by _ 

&[s„] 

7 ^^ = * * ' j 

F; Do(co © a[s„]) 


for a term s„. 


Case 1.5. 6=1. 

Case 1.5.1. There exists a (Dy) between the top and the vanishing cut: Con¬ 
sider the uppermost such (Dy) at which Dy is applied for hydra. We have 
u = 1,2 by (p3). 


A,Ao-l 


; ^0 +1 

A, Ai; Dy(cy © (60 + 1)) 


{Dy) 


r,-'A;a_A, A; 6 

F, A; a + 6 


(cut) 


Fend ■ Oi 
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Let V' be the following with the false Ao-formula 
Lend- 


-<A down to the end-sequent 


r, —lA; a 

r, A, -lyl; a + b[n\ 




Lend, ~^A : ai[n] 

where b[n] = © 5o) ■ 2] for b = 6[-D„(c„ © {bo + 1))]. 

Case 1.5.2. Otherwise: Consider the uppermost (Dy) {v = 0,1,2) below the 
vanishing cut. Such a (Il„) exists by (p3). 

Aq; 1 


V = 


r, -'A; a A; 6 + 1 
r. A; a + 6 + 1 

_ • • • ’ ^ _ (D ) 

■ ■ •; Dy{cv © (ao + 1)) 


Lend • ai 

where (Dy(cy © (oq + l)))[n] = Dy{cy (B ao) ■ 2. Let V be the following with the 
false Ao-formula ^A. 


r, ~<A', a 

r. A, -lA; 0 + 6 


{pad)c 


V := 


• • •; qq 

' * * 5 dDy{Cy © Oq) 

* ' + Dy{Cy © Oo) * 2 


{Dv) 

(pa(i)£i^(c„©ao) 


Vend.^A : ai[n] 


Case 2. The top is an axiom (Pp^d). 

Let C = {3x[t < XAPpg{x)]). Consider the uppermost and the lowest (Pi)’s 
below the {cut) whose cut formula is C. We see that such a (Pi) exists below 
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the cut from (h3). 


ro,3a;[t < x A Ppo(x)]; (no,m) + 132(0) 


(Ppo^) 


C,ri;ai[i32(0)] 


(cut) 


Ti, Ai; 6i + fli [132 (0)] 



• ■ •;-Di (ci © a) 


{Di)p 


where there is no (i3i) above the (cut) by (h2). (I3i(ci © a))[n] = £ + r for 
£ = Di{ci © a[l]) and r = Di{{ci + I32(a[l]) + 1) © «[!]). 

Since t G ?ici(^i(ci©)) fl 132(0) = Z3i(ci©) by (p2.1), we have t < Di{ci © 
a[l]) = £. By inversions for the A-formula and eliminating false literals 
t yl -iPpg(£) we obtain the following V, cf. Lemma 16.101 


: X ■.= £ 




{Di)p 

(.{pad) 


• • •; i3i((ci + Z32(a[l]) + 1) © a[l])(= r) 
T’-£ + r 


Let us check the condition (p2.1) for the {Di)a in V'. Any term occurring 
in V' is in the closure of £ and terms occurring in V under +,a;. Hence it 
suffices to show £ = Di{ci © a[l]) G ?^ci+_D 2 (a[i])+i(A’i((ci + I32(a[l]) + 1)©), 
which follows from ci ©a[l] G 'Hci{Di{ci(B)) and v{ci ©a[l]) = v{c)4j=ai'’^°‘'Pd < 
v{ci + I32(a[l]) + 1). 

The condition (p2.2) is fulfilled with V' by Lemma [5.71 

Case 3. The top is an axiom (P3). 
li t ft uji^ then replace the axiom 


To, t ^ u}i,3x,y G uJi[t < X A P(x, y)]; i3i(0) 


(P3) 


by 


ro,t ft uJi,3x,y Guji[t <x A P{x,y)]; Di{0) 


{ax) 
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Let t be a closed term such that v{t) < oji, and C = (3x, y < uji[t < xAP{x, ?/)]). 


Lo.t uji,3x,y < uji[t < X A P{x,y)]-, Di{0) 


(P3) 


Ai,^C; bi _C,ri;a;[£)i(0)] 

Li, Ai; 6i + oi [Di (0)] 


(cut) 


A;a[i^i(0)] 

A; £>o(co © a) 


{Do)a 


where there occurs a rule {Dq) below the (cut), and there occurs no (Dq) above 
the (cut) by (p3). 

Let {Do{co © a))[n] = r for a > Z?o(co © a) > £ = Dq{cq © a[l]) and 
r = _Do((co + -D 2 (a[l]) + l)©a[l])- Then £ > v{t) by t e 'Hco(-Do(co©))nL>i(0) = 
Do{co®) < £, (p2.1). Let s = F{co © 0), i.e., v{s) = F(u{iJi}{po)- 

By inversions for the A-formula -iC and eliminating false literals £ ^ uJi^s ^ 
uji,t it £, -^P{£, s) we obtain, cf. Lemma [6. 101 


: X := 
Ai';6i 


Li, Ai; bi + ai[l] 


y := s 
(pad)ai[i] 


A;i3o((co + ^? 2 (a[l]) + l)©a[l]) 

Let us check the condition (p2.1) for the {Dq)^ in V'. Any term occurring 
in V is in the closure of £,s and terms occurring in P under +,a;. s £ 
'Hco+D2{a[i])+i{Doiico + D2{a[l]) + 1 )©)) follows from £ = L>o(co © a[l]) G 
^co+D2(a[i])+i(T)o((co + -D2(a[l]) + 1 )©)), which in turn follows from co©a[l] G 
^co(-Do(co©))- 

The condition (p2.2) is fulfilled with V' by Lemma [5.71 

7.3 top=rule 

In this subsection we consider the cases when the top $ is a lower sequent of one 
of explicit rules (V), (A), (3), (63), (6V) or {Rfl) or one of rules (V)t,, (3)b with 
dom{b) = 1. 

Case 1. The top is the lower sequent of an explicit logical rule J. Since the 
end-sequent consists solely of false closed Ao-formulas, the main formula of J is 
also closed. By virtue of subsection [TT] we can assume that 6 = 1 for the added 
hydra 6 at J. 
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Case 1.1. J is a (5V): Consider the uppermost rule (Dy) {v = 0,1, 2) below J 
where Dy is applied for hydra. Let V be the following. 


To,y ^ t,^A{y)-,ao ^ 

Lo.Vy < t^A{y);ao + 1 

r,Vy <t^A{y)]b+l 
r,Vy<t^A{y);Dy{c(Bib+l)) ^ 

where Vy < t -'A{y) is a closed false Ao-formula. Note that the predicate Pp^ 
does not occur in any Ag-formula, and hence any (Hi) does not change the 
descendants of the formula Vy < t^A{y). “'A(s) is a false Ao-formula with the 
closed term s = y,y < t.A{y). Let V be the following with the false 

y := s 

_ro,-'A(s);ao_ 

Lo.Vy <t^A{y),^A{s)]ao 


(Dy) 


r,Vy < t^A{y),^A{s)-b 
r,Vy < t^A{y),^A{s);Dy{c®b) 

r,Vy < t^A{y),^A{s);Dy{cQ) {b + l))[n] 


{pad) 


Dy{c®b) 


where H„(c 0 (& -|- l))[n] = Dy{c © &) • 2, the closed term s is substituted for 
the eigenvariable y, cf. Lemma [6.101 and the false literal s yj t is eliminated by 
Lemma [6.Ill Note that there is no rule (Hi) above the rule (6V) since no free 
variable occurs below (Hi) by (hi). 

Let us check the condition (p2.1) for a rule (H^) with its stack d in V. Let 
A{y) = A(y;ti,.. .,tk)- Then ■ ■ ■ ,tk) = fJ-y < t^A{y) £ UdiDiid®)) 

since {t, H,..., 4} C 'Hd{Di{d®)) by (p2.1). 


Case 1.2. J is an (3)^: 


Lq, A(s);ao ^ 

ro,3yA(y);ao 0 1 
r,3y < tA'{y);a 

where s is a closed term, and there is a rule Jq affecting on a descendant 3y A{y) 
of the main formula. Jq is one of the rules (HEi), (Hp^Si) and (Hi). 

If there is a rule (H„) (u = 1 , 2 ) between J and Jq, then insert a ( 3 )^ below 
the {Dy), where d = Dy{c © &o) with o(A) = Dy{c © {bo + 1)) for the lower se¬ 
quent A of the {Dy), cf. Case 4.2 below. Assume that there is no such rule {Dy). 


31 












Case 1.2.1. The rule is a (PSi): Then {3y A{y)) = and {3y < 

tA'{y)) = (i^‘[io,so]) for some closed terms so,to- 

Tq, A(s);qo 
ro,32/A(y);ao + 1 


_ ri,v?[a;i,so];6+ 1 _ 

Ti, (-iP(to, t), So ^ to, )(f*[to, So]; & + 1 

r, < tA'{y);a 

If one of -^P{to,t) and sq ^ to is true, then let V be the following. 

- ( dX ) 

Ti,^P{to,t),so •^to,^p*[to,so\,h 


r,3y < tA'{y);a[n] 

where a false literal -'P{to, t) or sq to may be absent, and a {pad)d is inserted 
to have o{V') = o{V)[n\. 

Suppose that both P{to, t) and so < to are true. Then Lp[u}i, sq], i.e., , 3y A{y) 
is false since ip*\to,so\ is false. Hence the closed Ao-formula H(s) is false, too. 
Let V be the following with a {pad)d- 


To,A{s)-,ao 

ro,3yA(y),H(s);ao 

_ ri,v?[a;i,so],H(s);6 _ 

Ti, (-iP(to,t), So ^ fo, )v 5 *[fo, So], ^(s); & 


T,3y < tA'{y),A{s)-,a[n] 

Case 1.2.2. The rule is a (Pp^Si). 

Then {3y A{y)) = ((/^[so]) and {3y < t A'{y)) = {3y < t A{y)) = (v3‘[so]) for 
a closed term so- 


Tq, A(s);ao 
ro,3j/A(y);ao + 1 


_ ri,t/?[so];b _ 

ri>(“'^Po(^),so i- t,)(p*[so];b+ 1 


(Ppo^l) 


r,3y < tA{y)-,a 
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If one of -'Ppo(f), So -ft t is true, then let V be the following. 


Ti,^Pp„(t),So ii t,ip*[so];b 


(ax) 


r,3y < tA{y) : a[n] 

where a false literal -^Pp^(t), Sq t may be absent, and a (pad)d is inserted to 
have o(V') = o(V)[n]. 

Suppose that both Ppg(t) and Sq < t are true. Then (p[so], i.e., ,3y A(y) is 
false since is false. Hence the closed Ap-formula H(s) is false, too. Let V 

be the following with a (pad)d- 


To,A(s)-,ao 

To,3y A{y),A{s)]ao 

_ ri,(/?[soi,H(s);6 _ 

ri,(-'f’poW)So ^ t,)(p*[so],A(s) : b 


T,3y < tA(y),A{s);a[n] 

Case 1.2.3. There is a {Di)a affecting on a descendant 3y A(y) of the main 
formula. 

Then t = a and A! = A. V is of the following form. 


ro,H(s);ao 
d'o,^y A(y);ao + 1 

ri,3yA{y);b + l 
Tu3y<aA{y) ^ 

r, < aA(y);a 

Let Cl be the local stack of the uppermost (Di) below the (3). By (p2.1) and 
(p2.2) we have s G 'Hci (Pi(ci©)) nll2(0) = Di(ci®) and a > Di(ci © (6+1)). 
Hence v(s) < Di(ciQ) < a. Therefore H(s) is false since 3y < a A{y) is false. 
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Let V be the following with a {pad)d- 


Lq, A(5);ao 

ro,3yA(i/), A(s);ao 


ri,3j/ < aA{y),A{s) 


r,By < aA{y),A{s);a[n\ 
Other cases (V), (A), (&3) are similar. 


Case 2. The top is the lower sequent of a {Rfl). Let A{x) = {3z € Ppo^w B{x)) {B G 
Ao), A^y^x) := {3z G Pp^ DyBw < yB). 


r,Vx < tA{x)]ao t ^ y,3x < t-'A^y'>{x),T;ao 
L; oo + £^2(0) 


(Rfl) 


A2;a 

A2; a 




_Ai_ 

A; £> 1(01 ©a[£>2(0)]) 


J 


where Ji is the uppermost (£> 1)01 and J is the lowermost (Di)a below the 
(Rfl). Such a (£>i) exists by (h6). 

We have t G 'Hci(Di(ci©)) by (p2.1), and hence v{t) < £ = Di{ci (B a[l])- 
(£> 1(01 © a))[n] = £ + r for r = Di{{ci + D 2 {a[l]) + 1) © a[l]). Let V be the 
following. 


r, Vx < tA{x);ao 

{pad)i 

\y.= £ 


r, Vx < tA{x)] oo + 1 

3x < t-i(a^), L; oq 

{pad)i 

A 2 , Vx < tA{x)]a[l] 

iDi)i 

3x < t->A^^{x), L; oq + 1 

A2,Vx < tAd\x)-,a[V\ 

3x < yA^^^x), A 2 ; a[l] 

(£*l)ai 

A2,Vx < tAd\x)\a[V\ 


3x < t-'^^^^(x), A 2 ; a[l] 

Ai,Vx < tAd\x)\a[V\ 


3x < t-‘A^^'^{x),Ai;a[l] 


A, Vx < tAd^x); £>i(ci © c 


3x < yA^^{x), A; £>i((ci + D 2 {a[l]) + 1) © a[l]) 

A;£ + r 


InP, /i(A) > dp(3a; < t^A^y\x)) = dp(Va; < tAd^x)) by (h6). Thus the intro¬ 
duced (cut) in V enjoys (h4). There is no (£>i) above the (Rfl) by (h2). There 


(cut) 
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occurs no universal quantifier in the closed formula 3a: < (x) in the upper 

sequent of the right rule {Di)ai, cf. the definition of the rule (Di). For the con¬ 
dition (p2.1) we have £ = Di{ci®a[l]) e 'Hci-H) 2 (a[i])-Hi(^i(ci + F> 2 (a[l])-f 1)) 
by Cl © a[l] e 'HciiDiici®)). 

Case 3. The top is the lower sequent of an (ind). 

<yA{x),A{y)\ao r,-.A(s);ai 
- 1 —>—- {indj 


■■■■M 

■ • •Cl (B bi 


{Di) 


■ ■ ■ ',bo 

■ ■ ■; Do{co (B bo) 


(Do) 


where (Di) is the uppermost one. Such a (Di) exists by (h5). There is no (Di) 
above the (ind) by (h2). By (pi) we have dp(A(?/)) < ai < oq < w. 

If -'A(y) is an Fi-formula, a = (oq + oi + 1) • mj(t), where po > mj(t) > v(t) 
for the closed term t £ Tm(£Fo)- Otherwise a = (oi + oq + 1) • mj(t). Moreover 
we have |s| < 2^" for s G Tm(Fo)- 

Case 3.1. s Then the true literal s remains in the lower sequent. 
Eliminate the (ind). 


Case 3.2. s < t: Let Sn £ o,n(co: ci; be a term such that 

v(sn) = max{u(so) : so S multijnj{t),o,n(co,ci',d'o)}- Then s < s„ < mj(t) 
holds since s £ multitfi^n(co,ci;Fo) C multimj{t),o,n(co, ci: J'o) by (p2.1). Let 
mj(s) = Sn- 

Assuming “'A(s) is an 3-formula, let P' be the following: 


r,-'\/x <yA{x),A{y);ao T, 


: P{A) 


^,y d s,A{y)-, (ao -I- ai -I- 1) ■ mj{s) 


{ind) 


r, \fx < sA(x) 


m 


■ y ■= s 

-iVai < s A{x), A(5); ap 


-.A(s),r;ai 


-iVa: < s A{x)^ P 


{cut) 


{s ^ )r; u' 


{cut) 


_ ’ Q _ / \ 

where P(A) denotes a proof of T, ^A(y), A(y) which is canonically constructed 
from logical inferences. For the part of the substitution [y := s], cf. Lemma [6. 101 
We have ho(T) > dp(Va: < aA(x)) > dp(A(a)) by (h5), and hence (h4) 
holds for the introduced (cMt)’s. Also a' = (ao + oi + 1) • mj(s) + oq + oi = 
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a[mj{s)]. Since no essentially new term is created here, (p2.1) is fulfilled with 

V. 

If “'A(s) is not an 3-formula, then upper sequents of the upper cut should 
be interchanged: 

: -iA(s),r;ai F,-iVcc < s3l(a;), A(s); oq 

r,Va: < sA(a:) -iVcc < sA(a;), F 

(TTor p' 

Case 4. The top $ is the lower sequent of a logical rules (V);,, (3){,, {b3)b- By 
virtue of subsection o we can assume 6=1. Consider the cases when the 
logical rule is one of (3)i, (63)i, which is denoted (3)},. The case (V)i is similar. 
Let the main formula of the logical rule be a formula 3x < t ^(a;) with a minor 
formula ^(s), where t denotes either a term or po, (3a; < po ^(a;)) := (3a; ^(a;)). 
Let J denote the {cut) at which the descendant 3a; < t' A'{x) of 3a; < van¬ 
ishes. 


Case 4.1. 3a; < t' A'{x) is a Ag-formula: Let V be the following. 

3a; < tA{x), A(s), Aq; bo 


3x < t A{x), Aq; 6o 3-1 
F,-i3a; < f'A'(a;); a 3a: < t'A'(a;). A; 6 


(3)i 


F, A; a 3- 6 


Fend, e 


{cut) 


One of -'3a; < t' A'{x), 3x < t' A'{x) is false. When 3a; < t' A'{x) is false, let 
the false Ao-formula 3a; < t' A'{x) go down to the end-sequent. 

3x < tA{x), A(s), Aq; 6o 


3a; < t A(a;), Aq ; 6o 3- 1 

3a; < t' A'(a;), A; 6 
F, A, 3a; < t' A'{x)]a + b 


(3)i 

a{pad) 


Fend, 3a; < t' A'{x);c 

This is in Case 1.2 of this subsection. 

When 3a: < t' A'{x) is true, we are in Case 1.1 of this subsection. 


F, -'3a: < t' A'{x)] a 
F, A, -'3a: < t' A'{x)] a 3- 6 


{pad)b 


Fend, “'3a: < t' A'{x)-,c 
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In what follows assume that 3x < t' A'(x) is not a Ao-formula 

Case 4.2. The case when there exists a (Dy) {v = 1,2) between $ and J at 
which Dy is applied to hydras. Consider the uppermost such (Dy). 

3x < tA{x),A{s),Ao;ao 
(s yl t, )3x < t A(x), Aq; uq + 1 ^ 

_ " ’ ^ _ (£) ) 

3x < t'A'(x), A'; Dy(cy (B (a + 1)) 

where 3x < t' A'{x) may differ from 3x < tA{x) due to a rule (Di) when 
(3a; < tA{x)) = (3x G Ppg3w B{x)) {B G Aq) with t = po- The case (3a; < 
t A{x)) = (3u; B{x))) is excluded since we are assuming that 3a; < t' A'{x) is not 
a Ao-formula. Also the case when a rule (PSi), (Pp^Si) change a descendant 
of the main formula is excluded. 

Then lower the (3) below the {Dy). 

3x < tA{x),A{s),Ao;ao 

__ (D ) 

3x <t'A'{x),A'{s),A';Dy{cy®a) ^ " 

(s yl t', )3a; < t' A'{x), A'; Dy{cy © a) ■ 2 Dv(c^®a) 

We have to verify that this is a legitimate proof. Assume that v = 1 and 
there exists a rule {Di)a affecting (3x < tA{x)) = {3x G Ppg3w B{x)), and 
(3x < t'A'{x)) = {3x < a[x G /\3w < aB{w)]) with t = po- We have 
s G "Hci(£*i(ci®)) by (p2.1) and Pi(c„ © (a + 1)) < a by (p2.2). Hence 
v{s) < Di{ci © (a + 1)) < a = t'. 

Case 4.3. By virtue of Case 4.2 we can assume that there is no (Dy) between 
$ and the vanishing cut at which Dy is applied to hydras for v = 1,2. Then 
the descendants of the main formula 3x < t A{x) does not change up to the cut 
formula 3x <t A{x). Note that there is no (Pq) above the {cut) J, and there is a 
(Po) below the vanishing cut by (p3). Let J be the uppermost {Dy) {v = 0,1, 2) 
at which Dy is applied to hydras. 


3x < t A(a;), A(s), Ao;&o 
3a; < t A(a;), Ao; 6o + 1 


r, -i3a; < t A(a;); a 3x < t A(a;), A; & + 1 
r, A; a + 6 + 1 


{cut) 


• • •; c + 1 

A; Dy{dy © (c + 1)) 


{Dy)j 
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Since 3x < tA{x) is not a Ao-formula, dp(3a: < tA{x)) > 0, and there exists an 
(h) below the vanishing cut by (h4). This means that J is an {h) and v = 2. 

Since /io(r, A) > dp(3a; < tA{x)) > dp(A(s)), we have ho{A) = ho{r,A) — 
1 ^ ‘ip(A(s)) for (h4). Assuming that -iA'(s) is an A-formula, let V' be the 
following for ■ 2, cf. Lemma [6. 101 


3x < t A{x), A{s), Aq; bo 

T,-<3x < t A{x)] a 3x < t A{x), A(s) A; b 
r, A, A(s); a + b 

A;w“-2 


: X := s 
-nA{s),T;a 
-'A(s), r, A; a + & 


{pad)b 


• ■ • ;c 

-'A(s), A;w'^ 


{h) 

(cut) 


Note that there may occur a (Di) above the (cut). Let (Di)a be a rule occurring 
above the left upper sequent of the (cut) such that its lower sequent contains 
an ancestor -i3a; < t A(x) of the left cut formula, and ^A = (3z G Ppg fl a3w < 
aB(w)) (B G Aq). We have to verify the condition (p2.1) for the (Hi). Let ci 
be the local stack of the (Di)a. Then t € 'Hci(Di(ci®)) fl H2(0) = Hi(ci©), 
where t < D2(0) = po since there occurs no unbounded universal quantifier in 
an upper sequent of a rule (Hi) by the definition of the rule. Hence s < t < 
Hi(ci © 0) C 'Hci(Di(ci®)). This shows (p2.1). 

This completes a proof of Lemma 15.101 
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